We construct a quintic quasi-topological gravity in five dimensions, i.e. a theory with a Lagrangian containing R 5 terms and whose field equations are of second order on spherically (hyperbolic or planar) symmetric spacetimes. These theories have recently received attention since when formulated on asymptotically AdS spacetimes might provide for gravity duals of a broad class of CFTs. For simplicity we focus on five dimensions. We show that this theory fulfils a Birkhoff's Theorem as it is the case in Lovelock gravity and therefore, for generic values of the couplings, there is no s-wave propagating mode. We prove that the spherically symmetric solution is determined by a quintic algebraic polynomial equation which resembles Wheeler's polynomial of Lovelock gravity. For the black hole solutions we compute the temperature, mass and entropy and show that the first law of black holes thermodynamics is fulfilled. Besides of being of fourth order in general, we show that the field equations, when linearized around AdS are of second order, and therefore the theory does not propagate ghosts around this background. Besides the class of theories originally introduced in arXiv:1003.4773 [gr-qc], the general geometric structure of these
I. INTRODUCTION
The geometric classical description of the gravitational interaction naturally leads to General Relativity as the unique, diffeomorphism invariant theory with second order field equations in four dimensions. In spite of the successes the theory has had, the lack of a proper quantum description of gravitational phenomena led to the exploration of alternative scenarios which have received vast attention during the last decades. If one requires some level of predictability, such alternative scenarios might be restricted in some manner. As before, requirements such as diffeomorphism invariance and second order field equations are usually considered cornerstones in this process that naturally leads to Einstein-Hilbert action in three and four dimensions and to Lovelock theories in arbitrary dimension D [1] . When formulated on asymptotically AdS spacetimes, using the tools of AdS/CFT correspondence [2] one can treat these theories as gravity duals of some Conformal Field Theory living at the boundary. As in the low energy limit of string theory, besides the Einstein-Hilbert action for gravity, higher curvature corrections might appear in a perturbative treatment, which can differ in general from those in the Lovelock family. Nevertheless one can hope that some of the physics of these higher curvature corrections could be correctly captured by their Lovelock counterpart. These kind of explorations led for example to understand that finite contributions from quadratic terms might induce violations of the η/s KSS bound [3] (see [4] and [5] ). Lovelock theories provide one with a setup where certain control at a computational level can be attained. More precisely, in Lovelock theories one can find exact analytic static black holes which provide for finite temperature duals with interesting thermal properties and phase diagram structure. Within Lovelock family in five dimensions, General Relativity is supplemented by a single quadratic term (which is the dimensional continuation of the four dimensional Euler density for Euclidean compact manifolds without boundary) and besides Newton's constant, the theory has an extra dimensionful coupling.
In the context of the AdS 5 /CFT 4 correspondence departing from this family would allow the dual CFT to be non-supersymmetric [6] , at the cost of loosing some of the analytic computational control. A natural question therefore arises: Is it possible to define a sensible gravity theory in five dimensions beyond the Einstein-Gauss-Bonnet theory? The so-called quasi-topological gravities provide for such an example. In reference [7] a new cubic gravity theory in five dimensions was introduced. The cubic combination reads
and can be singled out as the unique cubic combination in five dimensions whose traced field equations lead to a second order constraint and that also has second order field equation on general spherically (planar or hyperbolic) symmetric spacetimes [8] 1 . It was also realized in [7] that this theory belongs to a general family of Lagrangians of order k in the curvature, that can be constructed in dimensions D = 2k − 1 for k ≥ 3, and have the simple form
Here C b a cd is the Weyl tensor and
The Lagrangian (1) is obtained by setting D = 5 and k = 3 in (2) after expanding the Weyl tensor in terms of Riemann tensor and its traces. It's also interesting to note that after expanding the Lagrangian (2) in the case k = 2, and then setting D = 3, leads to the quadratic part of the New Massive Gravity Lagrangian [10] .
TheL k≥3 expression in (2) allows to directly verify that the linearized field equations around any conformally flat background ((A)dS in particular) are of second order. On the other hand, the relative factor c k in (2) is such that on spacetimes that are conformal to spherically (hyperbolic or planar) symmetric spacetimes, the higher derivative contributions to the field equations coming from the variations of the Weyl tensors, cancel each other. This is possible since for such family of spacetimes, all the component of the Weyl tensor C ab cd are proportional to a single function X [11] , and therefore any scalar constructed as a complete contraction of k Weyl tensors will be proportional to X k (see [12] and [13] for related further developments). These results allow to construct a new theory, quartic in the Riemann, in D = 7. Motivated by broadening the family of four-dimensional CFTs with relatively simple gravity duals, in reference [14] the authors successfully look for a quartic theory with second order field equations on spherical symmetry. Such theory was dubbed Quartic quasi-topological gravity and when supplemented with terms of lower order in the Riemann tensor, leads to second order linearized field equations around AdS spacetime. A property that is shared by its cubic counterpart. It's important to notice that quartic quasi-topological gravity in five dimensions does not belong to the family defined in equation (2), nevertheless on spherically symmetric spacetimes, the field equations are simple and reduce to a generalized Wheeler-like polynomial equation for the lapse function [15] (see also [16] ). The authors of [14] also conjecture the existence of quasi-topological gravities of arbitrarily high degree in the curvature. The purpose of the present paper is to show that for Lagrangians that are quintic in the curvature, R 5 , this is indeed the case. 
II. THE THEORY
Here we consider the following gravity theory
where L 2 stands for the Gauss-Bonnet combination
the cubic L 3 term is the cubic quasi-topological combination in (1) and L 4 stands for the quartic quasi-topological term that can be written as
The new quintic quasi-topological combination is
where the (not illuminating at all) A k coefficients, are defined in the appendix. The dimensionful couplings a k have mass dimension 5 − 2k.
The quasi-topological combinations seem to be very cumbersome but the field equations, on spherically symmetric spacetimes reduce to very simple expressions.
Clearly, the quasi-topological gravities are defined up to the addition of the corresponding Euler densities that in the cubic, quartic and quintic cases, identically vanish in five dimensions. A different set of identities that can be used to provide a different expression for these Lagrangians make use of the cubic and quartic Lovelock tensor G (3) µν and G (4) µν . These tensors identically vanish in dimension five and can be used to construct new scalar identities by contracting them with symmetric curvature combinations, as well as with curvature scalars.
Beyond these trivial sources of non-uniqueness for the explicit form of the quasi-topological Lagrangians, there is a more subtle one that leads to theories that are intrinsically different.
Since the quartic and quintic theories are defined by requiring second order field equations on spherically symmetric spacetimes, a combination that identically vanishes for this class of spacetimes can be added. The differences between the theories so defined will become manifest only when they are explored beyond spherical symmetry. An example of this is provided by the addition of a general combination of the independent complete contractions of k Weyl tensor T r (p) C k , where T r (p) stands for a particular way of pairing the indices of the different Weyl tensors. When evaluated on spacetimes that are conformal to spherically symmetric ones, the different traces T r (p) turn out to be proportional [11] . Therefore a combination of these traces, fixed by a single constraint, can be added to the quasi-topological terms to provide new theories which on spherical symmetry coincide (see the discussion above equation (88) in [7] ). As mentioned in [8] , since there are only two possible cubic complete contractions of Weyl tensors, T r (1) (C 3 ) and T r (2) (C 3 ), cubic quasi-topological gravity is unique. Quartic quasi-topological gravity is also argued to be unique in the original reference [14] . Whether or not the quintic quasi-topological theory here presented is unique, goes beyond the scope of this work and it would require at least to properly classify all the non-trivial, independent traces of the form T r (p) (C 5 ). In ten dimensions, these are the terms that define the c-contributions of the conformal anomaly (see e.g. [17] and [18] ).
Hereafter we set 16πG = 1.
III. STATIC SOLUTIONS
Wheeler's polynomial for a static metric of the form
with f (r) = g (r), reads
Where dΣ γ denotes the line element of a Euclidean three dimensional manifold of normalized constant curvature γ = ±1 or 0, and µ is an integration constant, that will determine the mass of the solution. This is a quintic algebraic equation that due to Abel-Rufini theorem, cannot be solved in general by radicals. We will show in the next section that for generic values of the couplings the condition f (r) = g (r) is actually an output of the field equations
and not a restriction put by hand.
Let's assume that the maximally symmetric solution has a dressed constant curvature
whose metric can be represented by setting
on the metric (8) . The dressed curvature is fixed by the following polynomial
As usual, depending on the values of the couplings (a 5 , a 4 , a 3 , a 2 , Λ) one can have from one to five different vacua, and one can identify the G.R. branch, as the one for which λ → Λ as a 2 , a 3 , a 4 and a 5 go to zero.
It's possible to show that for generic values of the couplings, the asymptotic behavior allowed by Wheeler's polynomial (9), coincides with that of General Relativity. In fact assuming
with j (r) having a Laurent expansion at infinity that does not modify the leading term of the metric, i.e.
one can expand (9) at infinity and solve it order by order. This leads to the following set of 
which again implies that generically c 0 = 0. Then one obtains c 2 dP [λ] dλ r = 0, which forces to set c 2 = 0, and finally one obtains
As mentioned before, this implies that the asymptotic behavior of the full solution matches the one of General Relativity since
This shows that on spherically symmetric spacetimes, the only way of relaxing the asymptotic conditions of quasi-topological gravity (with respect to those of G.R.), would be to consider the critical cases in which the polynomial P [λ] has roots with multiplicity larger than one. In Section VI we consider some particular regions of the space of couplings that allow for relaxed asymptotic behavior.
IV. BIRKHOFF'S THEOREM
It's well known that the field equations of a gravitational theory on spherically symmetric spacetimes, are correctly reproduced from the variation of a reduced action [19] , [20] , obtained from the evaluation of the Lagrangian on the metric
where dΣ γ denotes the line element of a Euclidean three dimensional manifold of constant curvature γ = ±1 or 0. Evaluating the action (4) on (19) one obtains a reduced action which is a functional of I [a, b, f ]. It's convenient to introduce h (t, r) such that
The variation of the reduced action with respect to a, b and f , and a posteriori gauge fixing 
The function f (t, r) appears as a Lagrange multiplier on the reduced action and provides one with the (t, r) component of the field equations. Here µ (t) is an integration function. For generic values of the couplings, provided (22) is fulfilled, one can show that the pre-factors of the derivatives in equations (21) and (23) symmetric solution is static and is determined by a quintic polynomial equation. These results are analogous to the Birkhoff's theorem in Lovelock gravity (see [21] and [22] ). It would be interesting to explore whether the generalized Birkhoff's theorem of Chern-Simons [23] and Lovelock theory [24] - [33] can be extended for the quasi-topological theories, for general horizon geometries.
V. BLACK HOLE THERMODYNAMICS
Assuming that there is a non-degenerate horizon, that is, assuming that the polynomial equation (9) has a solution f (r) with a single zero located at r = r h , we now analyze the thermodynamical properties of the solution through the Euclidean method, where the Euclidean time τ is imaginary, periodic of period β and it is related to the temperature via
The Euclidean action I Euc is related with the free energy F by
where M is the mass and S is the entropy. On the other hand, in order to display the boundary term B that will ensure the finiteness of the Euclidean action, it is enough to consider the following class of Euclidean metric
With the Euclidean time τ ∈ [0, β], the radial coordinate r ∈ [r h , ∞[ and V ol(Σ γ )
standing for the volume of the three dimensional Euclidean manifold Σ γ , the reduced action principle reads
where the reduced Hamiltonian is given by
The boundary term is determined requiring that the reduced action (25) has an extremum, that is, δI Euc = 0 within the class of fields considered here [34] . This last condition implies
where the variation is taken between the horizon and infinity.
Varying the reduced action with respect to the fields N and f gives the following equations:
From the first equation we recover (9) . In the second equation, since the couplings a 2 , a 3 , a 4 , a 5 are generic, one must have N ′ (r) = 0, and then, without loss of generality,
we can set N(r) ≡ 1.
The temperature is fixed requiring regularity of the metric at the horizon yielding in this case to
and using (9) we have
Now we are in position to compute the boundary term B = B(∞) − B(r h ). At the horizon we have f (r h ) = 0 and δf | r h = −f ′ (r h ) δr h . In this situation the variation reads
which can be trivially integrated as
On the other hand, we can use again (9) to see that the variation at infinity is simply
so that the contribution at the infinity is given by
Finally, the comparison between the boundary term B and (24), allows us to identify the entropy and the mass of the system as
It's now trivial to show that the first law dM = T dS is fulfilled.
As a final comment, we want to stress that the expression for the mass (32) coincides with the one obtained through the quasilocal generalization of the ADT formalism [35] as presented in Refs. [36, 37] .
VI. NO-GHOSTS ON ADS
Linearizing fourth-order gravity theories around maximally symmetric backgrounds in general leads to ghost degrees of freedom. Some exceptions that non-trivially avoid this problem are New Massive Gravity as well as quasi-topological gravities. The former exploits the fact that General Relativity does not propagate local bulk degrees of freedom in 2 + 1-dimensions, and the linearized equations around flat space lead to the massive Fierz-Pauli equation [10] . The mechanism that exorcizes the ghost on AdS in quasi-topological gravities is different. It was shown in [9] and [14] that around maximally symmetric backgrounds, cubic and quartic quasi-topological gravities lead to the same propagator than G.R. with an effective Newton's constant that depends on the values of the couplings. Requiring the positivity of this effective gravity coupling provides an important restriction on the values that the couplings can take. Now we focus on the linearization of quintic quasi-topological gravity, given by the action (4), around a maximally symmetric solution with a dressed curvature λ/6, restricted by the polynomial P [λ] = 0 in (12) .
Recently, the authors of [38] and [39] Nevertheless, for quintic quasi-topological gravity (4) one has that the linearized equations around a constant curvature background of dressed curvature λ/6 fixed by (12) , read
where the linearized Einstein tensor is defined by
The first term in the parentheses of (34) comes from the Einstein-Hilbert term. The positivity of this effective Newton's constant has to be used to restrict the values of the couplings.
Note also that if we linearize around a maximally symmetric background that has a curvature that is a root of P [λ] = 0 with multiplicity greater or equal to 2, the linearized field equations would identically vanish. This feature is also well known in Lovelock theories when vacua coincide (see e.g. [40] ).
VII. SIMPLE SOLUTIONS FOR SPECIAL VALUES OF THE COUPLINGS
A. Quasi-topological gravity with a unique vacuum
As in Lovelock theory, one can see that if the couplings are such that all the roots of the (12) coincide, Wheeler's polynomial can be solved in a simple manner [41] , [42] . For quasi-topological gravity, such degenerate case is obtained by setting the coefficients as
where l is an arbitrary length scale. In this case the metric can be found explicitly and yields
where µ is an integration constant. This spacetime is asymptotically locally (A)dS, which can be seen from the asymptotic form of the Riemann tensor at infinity
where p µν αβ is a tensor that has constant entries on the coordinates used for the line element (36) .
Note also that the solution (36) can be obtained as a kind of dimensional continuation of the black hole solution of Lovelock theory with a unique vacuum. Indeed in such case the lapse function reads
where D is the spacetime dimension and k is the maximum power in the curvature that appears in the Lagrangian. Lovelock gravity of order k contributes to the field equations
, where [·] stands for the integer part. Nevertheless, continuing the solution (38) to D = 5 and k = 5, correctly reproduces the line element (36) . For cubic quasi-topological gravity, this property was already pointed out in [7] .
B. Pure quasi-topological gravity
Another simple explicit solution arises when considering the quintic term plus a cosmological term in the action. In analogy to what happens with Lovelock gravity, we call this case the pure quasi-topological case. In the context of Lovelock theory, this case has received attention since it's the simplest case that admits a unique constant curvature solution that also propagates a graviton [43] - [45] . The theory therefore reads
and the black holes solution reduces to
It's interesting enough to note that even in the absence of an Einstein-Hilbert term, the asymptotic behavior of the lapse function emulates that of GR, since at infinity
The limit Λ → 0 can be taken in this solution which provides an asymptotically locally flat black hole only for the hyperbolic case γ = −1.
VIII. CONCLUSIONS AND FINAL REMARKS
We have presented a new quasi-topological theory in five dimensions, that is quintic in the It would be interesting to construct R 5 quasi-topological gravities in arbitrary dimen-
sions. From what we have learned from the cubic [7] and quartic cases [14] , it is natural to conjecture that this theory might exist for all dimensions lower than ten, and from dimension 11 it might reduce to Lovelock theory plus a combination of invariants whose contribution cancels when evaluated on spherically symmetric spacetimes.
Cubic and quartic quasi-topological gravities have been explored in many different directions. Holographic and unitarity studies including η/s and central charges of the dual CFTs were done in [46] - [48] . The properties of holographic superconductors were explored in [49] - [51] . Exact solution containing matter fields were constructed in [52] - [56] including also scalars conformally coupled to the quasi-topological densities [57] . The thermodynamics in the extended phase space for these theories was studied in [58] and [59] . It would be interesting to see if the results found in those references is affected by the presence of the quintic quasi-topological term, or whether the results are generic for this family of theories.
As mentioned above, besides the clear structure provided by the family of theories introduced in [7] , of order k in dimension D = 2k − 1, the general form of quasi-topological gravities of arbitrary high order in five dimensions, is not clear. For the quartic case for example, one might be tempted to consider combinations of the invariants: Substituting the Weyl tensor in terms of the Riemann tensor and its traces, one can see that the combination
is well behaved for a general metric in D = 5 if and only if ξ 3 = −6ξ 1 − 3ξ 2 , ξ 4 = 26ξ 1 + 15ξ 2 ,
Then, in order to remove the higher derivative contributions to the field equations one would have to engineer additional terms that on spherical symmetry contribute as those in the combinations B. Besides the independent terms T r (p) (C 4 ), one might also consider RT r (1) (C 3 ) and RT r (2) (C 3 ).
